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By Robert P. Coleman

SUMMARY

A preliminary enalysls has been made of the conditions of
stabllity of free osclllations of a hinged rotor !n hovering
flight. The case analyzed is a rotor wlth hinges allowing
freedom in flepping and lagging and having a completely reverslible
cyclic piltch-control aystem, so that a twisting moment on a blede
moves the control stick without hindrence from spring or friction
congtreint,

The principal results of thls study ere presented in the form
of a stablility chart in vhich the quantities specifying average
coning engle, pitch setting, moments of inertia, chordwise and
sranwise mess distribution are combined iInto generalized parameters
in such a way that the stzbility condition can be plotted on a
single chart.

The results show that the atabllity is extremely senslitive to
chordwice center of mass, end that forward movement of the center
of mass Increases the stebllity. It is alsc shown that the
stability depends upon coning angle and pitch setting. TFor all
exemples in which the coning angle is determined by a balance
between 1lift forces and Inertlia forces, the condition for neutrel
stabllity corresponds to the same polint of the chart.

Severel lines of attack for further theoretical work are
suggested, which would extend the generality and strengthen the
validlity of the analysils,
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INTRODUCTION

"""It 1s importent for the safety of helicopter flight that
sultable precautions be taken to avold the ococurrence of
gelf-excited vibrations such as blade flutter. The understanding
of flutter phenomene is therefore. important in the design of
rotary wing aircraft. Although helicopter blade flutter has a
certain similarity to alrplene wing flutter, the analysis is
somevhat differert bscause of the occurrence of terms associated
wlth the rotation of the blades. .

Rosenberg in reference 1 has given an anaiysils of
helicopter blade flutter that conslsts essentially of adding
centrifugel stiffening terms to the standard wing flutter enalysis.
But rotation can also introduce inertia coupling between flapping,
lagging, and feathering. These coupling terms, depending upon
the average coning angle and pitch setting of the dlades, have not
previously been considered in flutter analysis,

The purpose of the present peper is to exhibit the simplest
case that will point out these new effects. This 1s done by
treating the sxtreme case where inertia forces end alr forces are
dominent in comparison with elastic forces. As this case 1s
characterized by a low flutter frequency, the phenomenon is
conveniently referred to as low frequency hellcopter flutter.

In reference 1 the elastic forces are considered and certain
inertla coupling terms are ignored, while in this peper these
inertia coupling terms are conasldered and the elastic terms are
ignored. The next logical step in the solution of the flutter
problem now seems to be to combine the two theories into a single
echeme of analysis that includee bcth elastic effects and coning
end pitch~angle effects. This further development, however, has
not been Included in the present paper.

It should be mentiocned that the prcsent analysia takes no
account of the phencmenon of stell flutter aelthough plitch angle
is also an Importent paremeter In that problem.

ANALYSIS

If the cyclic pltch-control system of a rotor is considered
to be campletely reversible, so that a twisting moment on a blade
moves the control stick without hindrence from spring or friction
constraint then, except for inertia effects dus to rotation, the
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blade may be considered to have zero frequency Iin torsion. Also,
if all the blades have the seme phyeical characteristics, the
stability of the rotor as a whole can be cbtained from a study of
the equations of motion for a single blade. If further, for
purposes of vibration analysis, the hinge lines of flapping,
lagging and feathering are assumed to pass through a common point
on the spindle axis, then the blade may be 'I:reated. as a rigid
body with one point fixed. Tho well known Euler's equations of
motlon for this case are

Aig - (B - Claym, = Ly

'.B&:y - {C - A)wzwz = Ly (1)

Cir, - (A - Blayay, = L,

wvhore

A, B, C principal moments of inertia of blade ebout x, 3,
ecnd z axes,respectively

oy, Wy, Wz components of anguler velocity resolved along
Instentanecus dlrections of principal axes of blede

Ly, Ly, Ly compononts of external momente ebout the flxed point’

X, ¥, & subscripts referring to principal exes of 1lnertila of
blade. (See fig. 1.)

The average values of amerodynamic and lnertia moments will be
consldered to be balanced by sulteble constent torques applied at
the hub by the drive shaft and, if necessary, by the control
system. The deviations from the average will then appear in the
equatliond governing the vibration.

The total extermel mament L,, Ly, Ly 1s tho sum of the
1 T 4
asrodynsmic moment L:|c y ’ Lz end the hud torque Qx, Qy, Qz.
Exprossions for the components of asrodynemic moment
Ly', Ly', Ly'- are obtained by sSsuming that each airfoil section

hes an aerodynamic force normal to ita instentaneous velocity and
equal in megnitude to the conventlonal expression for 1ift of en
airfoil in steady motion (see fig. 2) thus

F =.-J'pvaca.o sin o (2)
2
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aerodynamic force-per-unit span
Instanteaneous veloclity of section

chord of section

gnqug

instanteanecus engle of attack
3 slope of 1ift curve
The effect of induced velocity 1s coneidered only in the

cholce of numericel velue fur the slope of the 1lift curve. Drag
forces have been ignored in this Introductory treatment.

As the inertia terms 1n Fuler's equations are expressed in
terms of w,, Ry, ©, it 1s desiredble to exprecs the aerodynamic

moments In texrms of these same varilables, thus:

vy=Vcos a.=rcnz

'Vz=VB:|.'1:1¢:!,=1'0.)}r

wvhere r 1s radlal distance of blede element from hinge point.
then

F,=Fcos a-= %pvaca 8in « cos o = -J'pca.orawymz
r, =¥ st o = BpV2ca, #1n? o = Bocagring?

The aerodynamic moments cen then be written:

I‘x' =IORFzsu = Wy, Ln%pcaoaradr 7

(3)

~

R R
I'y' - J;-Fzmr =0y, .Ja.pcaor?’a;-

. R R
L =J; Fyrdr = aayE X -&pcaozsd.r

L
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where & 1s the distance of the chordwlse center of mass behind
the aerocdynamic center.

' Eiler's equations now become:

i R a
A(Dx - (B _-C).a.\ya)z = m}_a)zj %pcaosrﬂdr + Qx
o
- . ' R 3
Bmy - (C - A)mza)x »mymz ‘J‘ .%pca.or dr + Qy S (%)
(o]
. R
Cu)z - (A - B)mxmy = my2 L[)%pcao:ﬁdr + Qz
-t

where Qz' Qy, QZ are the comnmonents of constant torgue required

to balence aversge values of essumed aserodynam’c and inertia
moments. These torque components may represent such things es
welght moment, constent structural bending moment, and constant
bungee force in the control system.

In order to obtain golutions of equations (4) the deviations

from the average values of Ayy By, ®, 8are assumed to be emall

enough so that squeres and nrcducts of deviations can be neglected.

Equatione (4) are linearized by nutiing

~

ap =2, +af
ap =Gy +ap?t (5)

z

D = Qz + mz'
\J .
and with the sssumption that Qy, Qy, Q, are in equilibrium with

terms not containing a,', wp', ;"' the conutent terms become

(I, - ;rl)Qsz = 9’:

-IQQZ% + HEQYQZ = E% (6)
2z
c

130ny - B3Qy2 =

5
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and the lineer terms become

a1 )@t Q) = 0

St t L < ' " =
@ Ia(ﬂzmx + szz ) + He(ﬂymz +on.sy =0 2

n ¢ ]
o + 36t 40 1) - Bt =0 .
where
C-B R
Iy =774 B =4 -%-pcaoaradr
)
Y
12=Q?A. H2=B °2p0a0r36r
R
B - A
I3 = T H3 =‘&J '%"pc&or3dl'
o

The quadrztic terms are neglected.

The linoar terms govern the vibrations. Their solution 1is

of the form

ayt = ' et

o' = 'em

) = > (8)

t _ ¢ AL
@, =@ ©

A\
vhere A 1s a root of the determinental equation

A (1, - 5)9, (1, - 5,
‘1202 **Hé]z 'Iznx"'nzny =o-
fly 1{), - eEfly A

(7)

(9)
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Thie equation 1s a cubic in A. When expanded in the form

M o2+ Fe =0
where

& = Ef),

b= (I - BN(I0,2 - I02) + (1A, - HEQ_V)(I301 2E{;)
¢ = 2I5(I; - l) QzQy( I3q! + H3ﬂy)

the well known condlitions for steblility are
a>0
b >0
¢ >0
c<eb

The fourth conditlion 1s the importent ome for oscillatory'
instability.

Tor the critical condltlion corresronding to ¢ = ab the
cubic equation becomes

(A.+a.)(12+'b) =0 ]
(10)
-a
A=
+3b

s

This condition represents the border line between damped and
gelf-excited vibration of the system. A chart has been devised
to show the values of the pertinent parsmeters corresponding to
this boundary betwecen damped end self-exzcited vibrations.

The expliclt equatlon corresponding to c¢c = eb 18

T
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which can be.reduced to Ehe form

¥ H -I; 4, Ia x
‘ T (12)
‘ 3 0,° 3 13 213 nx

B, I, B0,

The average pitch setting & and coning engle B are now
introduced by the substitution

1_

7

Qxaﬂsinﬂ

ﬂy =0 cos Bsine (13)
ﬂz = {Jcos B cos 6

“J

In terms of B &and O equation (12) 'becomes

ﬂin 2] gin 6
o _3_

) (14)
I3 ten” B l-trm f __+_3-2_53th
EQ 12 32 gein ©

STABILITY CHART

A chart has been plotted in which all varisbles of equation (14)
have been included subJect only to the restriction

B = B3 (15)
I, =13
which 1s a very good approximation for a long thin body like a
rotar blade. In terms of variables defined by
I=Hl-1100529
I3 tan? B

Y-=22 gin g
Io ten £

a
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equation (14) becoues

. (Y - 1)(2Y - 1)
1 - tan? 0 (3 -.§§ (16)

The chart, figure 3, 1s then & plot of Y against X for
constant values of @.

DISCUSSION OF RESULTS

The variebles X and Y of equation (16) have been defined
in such & way as to make the chart nearly a universel single curve.
A sight dependence upon & Indicated by the different curves of
the chart, shows that 1t 1s, in reality, a family of curves; but
that all the curves are cloge together for any reasconsble range of
values of A, The main dependence of the flutter condition upon
the physclal characterliatice and the operating conditlon of the
blnde 1s consequently implied in the form of expression defining
X eand Y.

The most lmportant blade characteristic ls the chordwise
rosition cf center of mass with respect to asrodynamic center.
This diestence s appeers in the definition of H; and

consequently In X. For typicel parameters, changlng the center
of mass from 1 percent shead to 1 percent behind the asrodynamic
center will chango the velue of X from -15 to 15 1if

Iy =0 end from -4 to -15 1f I = 1. The value of I,

would be close to zero for & dlade with a heavy spar of clrcular
croas section. It would be close to 1 for a blade with 1ts
mags well distributed In the chordwlse direction.

The varliable Y 1s equal to the ratio of the everage aero-
dynemic moment to the average lnertle moment sbout.the axis
parsllel to the blade chord.

For
averege asrodynamic moment, I.y' = -QyQ‘ZBH2
average inertla moment, M, = (c - A)anx

) E'I_'_._- BB Q stinemY

My " (C- Ay Ioten B
9
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The value of Y for blades with a flapping hinge will therefore
normally be close to 1, so that the critical point for nearly all
typical applications willl-be close to Y = 1; X = 0.- Departures
from the value 'Y = 1 wlll be assoclated with such things as
gravity moment or structural bending moment In the blads, or
poesibly transient flepping conditions es 1n gusts. These eflects
may thus meke the blade flutter 1f they lincrease the coning angle
or make it more stable 1f they decrease the coning angle. It
seems, for exampls, as though the gravity moment would tend to make
the dlade more stable., Cases could thus be imagined that, for a
conetant pitch setting were stable at very low rpm, where gravity
hes a large relative effect, and unstable at operating rpm, where
a typical value of Y 1o 1.04. A model tested -upside down would
be expected to show the opposite effect.

FURTHER REFINEMENTS OF THEORY

This treatment is tc be considered es only a preliminary
gtudy of blade flutter. Many simplifying essumptions have been
made In order to obtain a simple atabllity chart end for this reason
the reeults should be applled with caution. This analysis can now
be used as a starting point for further refinements. Same effects
which might be conzldered are:

1. dreg forces

2. case vhere I, # I,

3. elastic and friction forces

4, uneteady-1ift functions

5. canstraints such as completely irreversible comntrols

6. induced velocities and flight velocity

It is hoped that the present treatment, which is based upon
linearized Euler's equations, may suggest interesting alternatives

to the more common hinge engle representation in other problems of
rotor dynamlics.
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CONCLUESIORS

l. For a helicopter blade in which the restoring forces
in vibration are due to inertia effects rather than springs or
structural etiffness, a simplified theory leads to conditions
Tor the occurrence of flutter that can be repiresented by & single
generalized chart. For all examples in which the coning angle 1s
determined by o balance between lift forces and 1nertia forces the
critical condition corresponds to the same point on the chert.

2. Tho theory Indicates the dependence of flutter instability
upon the physical characteristics and the coning angle and pltch
setting of the blade.

3. The results show that the stablility ls extremely sensitive
to chordwise posltion of center of mass wlth respect to asro-
dynemic center. Forwerd movement of the center of mess increases
the stabillity.

4, This paper i3 to be consideredas only a preliminary study
of blede flutter end as a starting point for further developments.

Langley Memorial Asronauticel Laboratory
Naticnal Advisory Committee for Aercnauntics

Lengley Fleld, Va.
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Figure 1.— Pr/'nc//oo/ Axes of
Thertia of a Blade.
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Figure 2.— A_ssumed Instanitan-
eous Force on Airfoil.
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